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st.

() Dg = 0 metnc wm?&‘ﬂb\e S R.‘emauneaul

(2) T =0 +torsion free Levi - Civita connection

Proef: (Constructive prost )

GoaL: Perive an exphict ~fonmula of O wsing ONLY (1), ),

For X, Y, 2 ¢ X(M),
(1)
X (<Y.35) = €0, 27 ¥ <X, D27

(
Y (<2.%3) = LDE. XY ¥ &, 0X?

(
2 (<x.Y ) = ¢ sz,‘(7 x (X,D{(?

RHS = < DY +DX, 2% + < Dx2=-DX. Y2+ & D2 - OgY, X7

(z)
<zDY-[x~fJ 27 + <xel Y+ < CY,2] %X7?

Rec.ncmse “4he Terms
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Riem =R
VXXe x(m), kYY) ™ —TM | e R e —\’(/\ZT‘:A QEud(TM))
loceliy R = {Q:J]) ) ﬂ:j: local 2-forms an M

Suppose: @i, @m lasis for M
9', .. O™  dumal basis for ™

We Ccon wntR s =
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V(1) Rijue = - Rijae = - Rji ez

(\"(2) Rt’jh& + R;\gj + R R = o ( \** Biownchi n‘deut"fa)
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V(%) R:ju = Rk‘:a'

Pi‘. (1) \“ =" b'a de'f! R :-“d 2" ‘e QS. = 'QCJ‘ f$or v entc cgm'e.ﬂb\c D.

e'

(.2) LQ(&\‘aa n b&SGS: % = LQ\,...‘em) s, 2 - (ém) -
De=gw = d6 = - wAB
- (HwW) = =

. °=6'~1Q = =dwAad + uJAdGz
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= =(dw+wwaw) 4 8
QN—’

=: 0



Thus, we ohtained an 2 =0

More explicntly, Ji 2 R jre e*r 0’288 = o
okt

Look ot -the Gomponemts ,

2 (RTJ'M + R:hgj + R.Ljh) - (R.hjl. + R‘jnh + R.‘-"j) =0

o
e (Rs’ju + Ringj +'Riggn) - (Rﬂ‘jg +R yjan fr‘,“hj) =0

thdex
2 2 (Rg‘u t Riuﬁ + Ril‘;h) = O
(1+G) D B):
(2)
Rg‘u + Riuj + R\'g{‘h =0
@)

Rjik + Rjui + Rjen =0

2 Rijke + Riwngy + Rigjn + Rykiz +Rajik = O
—— C
NS e
mvanent uandor

(4,j) ¢ Ch 0)

Remerks: Rgu = R(ei.ej.en.€) R: (0.%) —temsor

Rcx. ) e = Q}(x,ﬂ e: = SyyY)= <R(xY)e;,€i?

RIX,Y,2,w) = = <R Z, W7
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.- Q.

Tw loctal woeed. R‘J.“ = T.Jj'k - "j. 2 -+

Remerk: % = (93) ~—> D= ET.;S = \:(5,33)
—~~—> R = [R-’jhts = E(9.33 .Sﬁ)
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st (R\,(QM € . €uAQy) := R{ju



De.F‘.' . F . (M"': %) —_ (Nm’h) 'S an iSemety

o1 F: M= N s i fFeomarphirm 2 F*h = 3 .
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Thm: (Mm,g) Riem(9) = 0 {=) (szj) 's locally isemetnc ‘o (t'R". £)
Proo'e-. K(z) <trivial .

(=>) Suppose (M7, 4) v Riem(3) =0, e D s Flat.

Fix pe M, ond @,,..,Cm ONR. of TpM.

D $lat = I poreled extamsion of @, Bm (ie. Dei =0 )
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Remark: Glebc.\!a m ey heve 1-,,?.\.33 es. flat tanas T R/L\
v

but Har thwm. s tvae passvg 45 +he Luniversa| SPver

Note: Riem. cuweture Riem of (,M”‘.s) 'S the whigher Avmen s1one |

3
4o ‘+Hae nstim é‘f Qauss vareatare $ov surfaces (i R ).

Omalogue
s When m=2 (Su'+ac¢ case ),

@P . Az.rPM = /\11-?M —_— ‘R sga /\1-‘;” =s'aaf€.l\€;$

Kp= Ry(&oes eney o B2 Zel

Gawst ~aa (eaeall ¢ el il eagll p Qrea
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o't

<P Henel)
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In Senert-\, we heave

De{?: LQ"’ "ﬂ'z < TPM b_e a 2-dim. Subqu(g wi. basts \V.ws .
K(W) L R(vAwW, vaw) sechiom cuwstnre
¢ fvawn? of U ot P

Nest : KP(Tr) s ‘adep. of cloice of basis v, w! e T.

K? : GV(Q,TPM) _— fR

N ¢

‘0(&\\0 ") €m O
I A ) N-8. ceu ®
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Q" Does sectisuel cuwectare detr wmanne Rievn c.own?u,ﬂl97

A: Yes !

d eterminaS R!‘CWL. Cuwatiare RmSer ,
3) of Riem.

'—nw\: The Sectional Cuweatures
w. If Qm R() are (O0.%) -fonsers Sa‘h‘t-’bws ‘e vaﬂf"‘" (1) -

‘ ' R(c) u ) '



?vuf: let R = R("- R“), o R Satisfles the vaM‘h‘?J (=3,

gectional cuwatunves
of R™ , R™ agwee .

TQ s\haw R(Xo\(c %ow) =0

it suffies € shew e case

= RXYX.x,Y)=o ¥ XX omn. of TpM.

¥ XM, TW
(x N, (LW) ave mutually oO.N,

Clamd: R(XX.2X)=o (e YzW),

%+
o= R(%'\(‘ ;i' 'Y) = ék(m-z,‘(,\ug,‘(): R(X,Y.8 Y)

S case med tent.

Claim 20 R, 2w =0 A m2k.

4w Y+w
° = RUX, = 2. 7) =L R(XTew, 2,Y¢w)
by Cleiee 4
/ ~— 4_0:';‘_(R (X, Y, 2iw) + R(K,N.%'Y))

D RRX.2w)= -R(X.W,2,Y) = R(XW,X,2)

= =-R(¥%X,2,Y,w) = R(X,2,wY) =0
a wacht

fo‘en‘fc‘fj.
-]
Cor: 9 has ocomstent sectiomel Ouwetuve = Ko ¢R evenpant
= Rijne = Ko (3w 350 = Sie G5 )
Next : R\'ew\ 3 a (0.%) -tensor whicw admits a naeturel olgeb raic

demm?es\\h‘m inte O Paﬂ’st

Q\‘em - W‘\' R‘C + R
1\
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- ewr = Ryjee !
Bn “tekt tecwes .-F e (0.¢) - Eowmsay Rv Y]

Ricel cuweatave

"
Def? : Ric(%x,Y):= ‘,g. R(X, e:, Y,e:) whart €4, .. Cw O.N.8,
For TpM
Scal = R = ;ﬁ Ric(ei,€i)

ObSQM"\‘Qv\SZ . R"c '\J Qa (°¢ 2) c-?en"' . R :.s (% "F\QV'C*‘OV\ .

; om.6. - T
+ loceW): Ryc = Rje = R5ia (= Rijie RJ!L)
- . en 0.M-8,
R= R =R (=Ryy)

« Ric(x,Y) = Ric(, X)) S Rie s &%
(like §) e ox

W\LZ: R = 2K . ]

m
- Ric (x,%X):= S R(x.€,X,€) = 2 R(e,¢ e e))
( —————

b J*

. (0,2) ~tensoy

5€Ct cavve -‘F ‘P‘““'-Cﬁ

So, Ric(x,X) = ovesmge sectiomel Cuw.
o4 T2 XK.
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Df'{a ¢ (Kulkarwi- Nomizw Product © )

(h° P)!‘jkl T = hih le- + l'lj}Po‘k —hjh Poe “‘1.‘1 P,fh

“Than - Scclar cauwobnl
\ R
(R'ew‘ = W + m-2 *} Yo 309

Re“"k‘: ° w‘,".hg oS “-t'ccc,fvee " (itc . W‘.ji‘. =0 )
. = Rie = % 9 is tee trace free Rice) tamsov
Wg: (we‘o\ CaveCouare -twt«)
(i) m=2; +em \W Zo. Ric 0, ond R=2K.

@) m33: Wzo (e Riem 3 determial by Ric)

(i) W s “Oe\o\‘enfﬂﬂ‘-“j ‘avorient . e

2u

N- W ~e
g’e % =) W =¢ W
fov sove W E C'(m)
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